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Àííîòàöèÿ

�àññìàòðèâàåòñÿ îáðàòíàÿ çàäà÷à îïðåäåëåíèÿ êîý��èöèåíòà q(x, t)

âîëíîâîãî óðàâíåíèÿ ∂2
t u−∂2

xu−q(x, t)uγ+1 = 0, êîãäà (x, t) ∈ R
+×(0, T ],

γ ≥ 0. Èçó÷åíû ñâîéñòâà ðåøåíèÿ ïðÿìîé çàäà÷è. Äîêàçàíà òåîðåìà ñó-

ùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèÿ ïðÿìîé çàäà÷è. Äëÿ îáðàòíîé

çàäà÷è äîêàçàíà òåîðåìà î ëîêàëüíîì ñóùåñòâîâàíèè å¼ ðåøåíèÿ è ïî-

ëó÷åíà ãëîáàëüíàÿ îöåíêà óñòîé÷èâîñòè å¼ ðåøåíèÿ.
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Abstra
t

The inverse problem of determining the 
oe�
ient q(x, t) of the wave

equation ∂2
t u−∂2

xu−q(x, t)uγ+1 = 0 is 
onsidered when (x, t) ∈ R
+×(0, T ],

γ ≥ 0. The properties of a solution of a dire
t problem are studied and an

existen
e and uniqueness theorem is proved. For the inverse problem a lo
al

existen
e theorem is stated and a global stability estimates is found.
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� 1. Ââåäåíèå è ïîñòàíîâêè çàäà÷

Îáðàòíûå çàäà÷è äëÿ äè��åðåíöèàëüíûõ óðàâíåíèé îá îïðåäåëåíèè

êîý��èöèåíòîâ çàâèñÿùèõ îò âðåìåííîé è ïðîñòðàíñòâåííûõ ïåðåìåííûõ

ìàëî èçó÷åíû. Â èçâåñòíûõ àâòîðàì ïóáëèêàöèÿõ ðàññìàòðèâàëèñü êîý�-

�èöèåíòû, â êîòîðûõ ïðîñòðàíñòâåííàÿ ïåðåìåííàÿ ÿâëÿåòñÿ ìíîãîìåð-

íîé.

Òàê, â ðàáîòå [1℄ äîêàçûâàåòñÿ òåîðåìà åäèíñòâåííîñòè ðåøåíèÿ îáðàò-

íîé çàäà÷è äëÿ âîëíîâîãî óðàâíåíèÿ ∂2
t u − ∆xu + q(t,x)u = 0, ãäå t ∈ R,

x ∈ R
n
, n � íå÷¼òíîå, n > 3. Â ðàáîòàõ [2℄, [3℄ ðàññìàòðèâàþòñÿ ðàçëè÷-

íûå ïîñòàíîâêè îáðàòíûõ çàäà÷ îïðåäåëåíèÿ êîý��èöèåíòà q(t,x) òîãî
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228 Îáðàòíàÿ çàäà÷à äëÿ âîëíîâîãî óðàâíåíèÿ

æå âîëíîâîãî óðàâíåíèÿ äëÿ (t, x) ∈ (0, T )× Ω, ãäå Ω � îãðàíè÷åííàÿ îá-

ëàñòü â R
n
, n > 2, T > 0. Óñòàíîâëåíû òåîðåìû åäèíñòâåííîñòè. Â ðàáîòå

[3℄ ïîëó÷åíà îöåíêà óñòîé÷èâîñòè ïðè n = 2. Â ðàáîòàõ [4℄ è [5℄ èçó÷à-

ëèñü âîïðîñû åäèíñòâåííîñòè ðåøåíèÿ îáðàòíûõ çàäà÷ â ïðåäïîëîæåíèè,

÷òî çàäàíî îòîáðàæåíèå, ïåðåâîäÿùåå äàííûå Äèðèõëå êðàåâîé çàäà÷è â

äàííûå Íåéìàíà. Â ðàáîòàõ [6℄ è [7℄ èçó÷àþòñÿ âîïðîñû âèçóàëèçàöèè äâè-

æóùèõñÿ îáúåêòîâ â ñëó÷àéíûõ ñðåäàõ. Áëèçêèìè ê ýòîìó íàïðàâëåíèþ

ÿâëÿþòñÿ òàêæå ðàáîòû [8℄, [9℄ äëÿ òóðáóëåíòíûõ ñðåä.

Â ðàáîòå [10℄ äëÿ òð¼õìåðíîãî ïðîñòðàíñòâà ðàññìàòðèâàåòñÿ îáðàòíàÿ

çàäà÷à îïðåäåëåíèÿ êîý��èöèåíòà a(x, t), âõîäÿùåãî â âîëíîâîå óðàâíå-

íèå utt = ∆u+a(x, t)u+ δ(x−x0), äëÿ íå¼ ïîñòðîåí ãëîáàëüíî ñõoäÿùèéñÿ
÷èñëåííûé ìåòîä Êëèáàíîâà, ïîä íàçâàíèåì ¾
onvexi�
ation¿ è ïðèâåäåíû

ðåçóëüòàòû ÷èñëåííûõ ýêñïåðèìåíòîâ.

Â ðàáîòàõ [11℄�[14℄ ïîëàãàåòñÿ n > 2. Â [11℄ äîêàçûâàåòñÿ óñòîé÷èâîñòü

ðåøåíèÿ îáðàòíîé çàäà÷è îïðåäåëåíèÿ ïîòåíöèàëà q(t,x) âîëíîâîãî óðàâ-
íåíèÿ äëÿ ñëó÷àÿ x ∈ R

n
. Â [12, 13℄ èññëåäóþòñÿ îáðàòíûå çàäà÷è îïðåäå-

ëåíèÿ äåìï�èðóþùåãî êîý��èöèåíòà a(x, t) è ïîòåíöèàëà q(t,x) â âîëíî-
âîì óðàâíåíèè â êîìïàêòíîì ðèìàíîâîì ìíîãîîáðàçèè ðàçìåðíîñòè òðè

èëè âûøå. Äîêàçàíû òåîðåìû åäèíñòâåííîñòè ðåøåíèÿ îáðàòíûõ çàäà÷.

Â [14℄ äîêàçûâàåòñÿ åäèíñòâåííîñòü ðåøåíèÿ îáðàòíîé çàäà÷è îïðåäåëå-

íèÿ êîý��èöèåíòà a(x, t), âõîäÿùåãî â äèññèïàòèâíîå âîëíîâîå óðàâíåíèå.

Â [15℄ èññëåäîâàíà îáðàòíàÿ çàäà÷à îïðåäåëåíèÿ ïîòåíöèàëà q(x, t),
x ∈ R

+
, êîãäà äàííûå îáðàòíîé çàäà÷è çàâèñÿò îò ïåðåìåííîãî ïàðàìåò-

ðà s, îïðåäåëÿþùåãî ìîìåíò ïðèëîæåíèÿ òî÷å÷íîãî èñòî÷íèêà. Äîêàçàíà
òåîðåìà î ëîêàëüíîì ñóùåñòâîâàíèè ðåøåíèÿ îáðàòíîé çàäà÷è è ïîëó÷åíà

ãëîáàëüíàÿ îöåíêà óñòîé÷èâîñòè å¼ ðåøåíèÿ.

Â íàñòîÿùåé ðàáîòå èçó÷àåòñÿ îáðàòíàÿ çàäà÷à íàõîæäåíèÿ ïîòåíöèà-

ëà q(x, t), x ∈ R
+
, âîëíîâîãî óðàâíåíèÿ ñî ñòåïåííîé íåëèíåéíîñòüþ, äàí-

íûå îáðàòíîé çàäà÷è çàâèñÿò îò ïåðåìåííîãî ïàðàìåòðà s. Â ðàçä. 2 èçó÷à-

åòñÿ ïðÿìàÿ çàäà÷à, ñâîéñòâà ãëàäêîñòè å¼ ðåøåíèÿ. Çàòåì, â ðàçä. 3 ðàñ-

ñìàòðèâàåòñÿ îáðàòíàÿ çàäà÷à, óñòàíàâëèâàåòñÿ å¼ îäíîçíà÷íàÿ ëîêàëüíàÿ

ðàçðåøèìîñòü è íàõîäèòñÿ ãëîáàëüíàÿ îöåíêà óñòîé÷èâîñòè ðåøåíèÿ.

Íàì íå èçâåñòíû ðàáîòû äðóãèõ àâòîðîâ ïî îïðåäåëåíèþ ïîòåíöèà-

ëà, çàâèñÿùåãî îò âðåìåíè, êîãäà ïðîñòðàíñòâåííàÿ ïåðåìåííàÿ ÿâëÿåòñÿ

îäíîìåðíîé. Â òî æå âðåìÿ, ïîëó÷åííûå â äàííîé ñòàòüå ðåçóëüòàòû íå

ñëåäóþò èç èçâåñòíûõ íàì ïóáëèêàöèé.

Ïóñòü T � �èêñèðîâàííîå ïîëîæèòåëüíîå ÷èñëî.

Ïðÿìàÿ çàäà÷à. Ïðè �èêñèðîâàííîì s ∈ [0, T ] íàéòè �óíêöèþ u(x, t, s),
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óäîâëåòâîðÿþùóþ ñîîòíîøåíèÿì

utt − uxx − q(x, t)uγ+1 = 0, (x, t) ∈ R
+ × (0, T ], (1)

u|t=0 = 0, ut|t=0 = 0, (2)

u|x=0 = H(t− s), t ∈ [0, T ], (3)

ãäå γ > 0; q(x, t) � íåïðåðûâíàÿ �óíêöèÿ àðãóìåíòîâ x è t; R+ := {x ∈
R | x > 0}, s ∈ [0, T ] � ïàðàìåòð çàäà÷è.

Îáðàòíàÿ çàäà÷à. Ïóñòü f(t, s) � çàäàííàÿ �óíêöèÿ ïðè 0 ≤ s 6 t 6
T . Òðåáóåòñÿ íàéòè �óíêöèþ q(x, t) â îáëàñòè GT = {(x, t) | 0 6 x 6 t 6
T − x} ïî çàäàííîé èí�îðìàöèè î ðåøåíèè çàäà÷è (1)�(3):

ux(0, t, s) = f(t, s) äëÿ (t, s) ∈ G0(T ),

G0(T ) = {(t, s)| 0 6 s 6 t 6 T}.
(4)

� 2. Èññëåäîâàíèå ïðÿìîé çàäà÷è

Î÷åâèäíî, ÷òî u(x, t, s) = 0 â îáëàñòè {(x, t) | x > 0, t < s + x}.
�àññìîòðèì îáëàñòü G(T, s) = {(x, t) | s + x 6 t 6 T − x}.

�åøåíèå ïðÿìîé çàäà÷è â îáëàñòè G(T, s) ýêâèâàëåíòíî ðåøåíèþ óðàâ-

íåíèÿ

u(x, t, s) = 1 +
1

2

∫∫

D(x,t,s)

q(ξ, τ)uγ+1(ξ, τ, s) dξdτ, (5)

ãäå D(x, t, s) �ïðÿìîóãîëüíèê, îãðàíè÷åííûé ïðÿìûìè: τ + ξ = x + t,
τ + ξ = t− x, τ − ξ = t− x, τ − ξ = s.

Ïóñòü (x, t) ∈ G(T, s). Îáîçíà÷èì S(τ, x, t, s) =
{
ξ | (ξ, τ) ∈ D(x, t, s), τ =

const
}
� ñå÷åíèå îáëàñòè D(x, t, s) ïðÿìîé τ = const, (t + s− x)/2 6 τ 6

t); meas
ξ

S(τ, x, t, s) � äëèíà îòðåçêà, ïåðåñåêàþùåãî îáëàñòü D(x, t, s) ïðè

�èêñèðîâàííîì τ . Òîãäà ñëåäóþùàÿ îöåíêà:

max
τ

{
meas

ξ
S(τ, x, t, s)

}
=

t− s+ x

2
6

T − s

2
6

T

2
(6)

ñïðàâåäëèâà äëÿ îáîèõ ñëó÷àåâ: t− x 6 (t+ x+ s)/2 è (t+ x+ s)/2 6 t− x
(ñì. ðèñ. 1):

Çàïèøåì óðàâíåíèå (5) ñëåäóþùèì îáðàçîì:

u(x, t, s) = 1 +
1

2

t∫

(t+s−x)/2

dτ

∫

S(τ,x,t,s)

q(ξ, τ)uγ+1(ξ, τ, s) dξ. (7)
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�èñ. 1: �åîìåòðèÿ îáëàñòè èíòåãðèðîâàíèÿ:

(a) t− x 6 (t+ x+ s)/2, (b) (t + x+ s)/2 6 t− x

Îáîçíà÷èì Q = ‖q‖C(G(T,s)).

Ëåììà 1. Ïóñòü âûïîëíåíî íåðàâåíñòâî

QT 2γ

4
6 1− 2−γ, (8)

è â îáëàñòè G(T, s) ñóùåñòâóåò íåïðåðûâíîå ðåøåíèå óðàâíåíèÿ (7). Òîãäà

ýòî ðåøåíèå óäîâëåòâîðÿåò íåðàâåíñòâàì

0 6 2−

(
1−

QTγ

4
(t− s)

)
−1/γ

6 u(x, t, s) 6

(
1−

QTγ

4
(t− s)

)
−1/γ

6 2,

(x, t) ∈ G(T, s). (9)

Äîêàçàòåëüñòâî. Îáîçíà÷èì

z(t, s) = max
x∈[0,T−t]

|u(x, t, s)|, åñëè t ∈ [(T + s)/2, T ],

z(t, s) = max
x∈[0,t−s]

|u(x, t, s)|, åñëè t ∈ [s, (T + s)/2].
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Òîãäà èç óðàâíåíèÿ (7) ñëåäóåò íåðàâåíñòâî

z(t, s) 6 1 +
QT

4

t∫

s

z1+γ(τ, s) dτ. (10)

Ïóñòü

η(t, s) =
QT

4

t∫

s

z1+γ(τ, s) dτ.

Èç óðàâíåíèÿ (10) ïîëó÷àåì, ÷òî

z(t, s) 6 1 + η(t, s),

è ñîîòíîøåíèÿ

∂η(t, s)

∂t
=

QT

4
z1+γ(t, s) 6

QT

4
(1 + η(t, s))1+γ, t > s,

η|t=s = 0.

�åøàÿ ïîëó÷åííîå íåðàâåíñòâî, ïîëó÷àåì îöåíêó

η(t, s) 6 −1 +

(
1−

QTγ

4
(t− s)

)
−1/γ

, t ∈ [s, T ].

Óñëîâèå (8) ãàðàíòèðóåò, ÷òî

(
1−

QTγ

4
(t− s)

)
−1/γ

6 2, t ∈ [s, T ].

Â òî æå âðåìÿ, èç ïðèíÿòûõ ðàíåå îáîçíà÷åíèé ñëåäóþò ñîîòíîøåíèÿ

2−

(
1−

QTγ

4
(t− s)

)
−1/γ

6 1− η(t, s) 6 u(x, t, s) 6

6 z(t, s) = 1 + η(t, s) 6

(
1−

QTγ

4
(t− s)

)
−1/γ

,

êîòîðûå ïðèâîäÿò ê îöåíêàì (9). �

Îïðåäåëèì ïîñëåäîâàòåëüíîñòü uk(x, t, s), k = 0, 1, . . . , �îðìóëàìè

u0(x, t, s) = 1,

uk(x, t, s) = 1 +
1

2

t∫

(t+s−x)/2

dτ

∫

S(τ,x,t,s)

q(ξ, τ)uγ+1
k−1(ξ, τ, s) dξ,

k = 1, 2, . . . , t 6 s+ x.

(11)
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Ëåììà 2. Ïóñòü óñëîâèå (8) âûïîëíåíî. Òîãäà ïîñëåäîâàòåëüíîñòü

uk(x, t, s) óäîâëåòâîðÿåò îöåíêå

0 6 uk(x, t, s) ≤

(
1−

QTγ

4
(t− s)

)
−1/γ

6 2,

(x, t) ∈ G(T, s), k = 0, 1, 2, . . . .

(12)

Äîêàçàòåëüñòâî.Ïðè n = 0 íåðàâåíñòâî (12) î÷åâèäíî. Îöåíèì u1(x, t, s).
Èìååì

u1(x, t, s) = 1 +
1

2

t∫

(t+s−x)/2

dτ

∫

S(τ,x,t)

q(ξ, τ) dξ 6

6 1 +
QT

4

t∫

(t+s−x)/2

dτ 6 1 +
QT

4

t∫

s

(
1−

QTγ

4
(τ − s)

)
−(1+γ)/γ

dτ =

=

(
1−

QTγ

4
(t− s)

)
−1/γ

.

Äàëåå,

u1(x, t, s) > 1−
QT

4

t∫

s

(
1−

QTγ

4
(τ − s)

)
−(1+γ)/γ

dτ =

= 2−

(
1−

QTγ

4
(t− s)

)
−1/γ

> 0.

Îöåíêè ïîñëåäóþùèõ ïðèáëèæåíèé âûïîëíÿþòñÿ àíàëîãè÷íî. �

Ñëåäñòâèå 1. Ïîñëåäîâàòåëüíîñòü uk(x, t, s) ÿâëÿåòñÿ íåîòðèöàëüíîé

è îãðàíè÷åííîé â îáëàñòè G(T, s) ïðè ëþáîì s ∈ [0, T ].

Ââåäåì îáëàñòü G∗

T = {(x, t, s) | (x, t) ∈ G(T, s), s ∈ [0, T ]}.

Òåîðåìà 1.Ïðè âûïîëíåíèè óñëîâèÿ (8) ïîñëåäîâàòåëüíîñòü {un(x, t, s)}
ðàâíîìåðíî ñõîäèòñÿ â îáëàñòè G∗

T è îïðåäåëÿåò â ýòîé îáëàñòè íåïðåðûâ-

íóþ íåîòðèöàòåëüíóþ ïðåäåëüíóþ �óíêöèþ u(x, t, s), êîòîðàÿ ÿâëÿåòñÿ

ðåøåíèåì óðàâíåíèÿ (7) â îáëàñòè G(T, s) ïðè ëþáîì s ∈ [0, T ].

Äîêàçàòåëüñòâî. Ââåä¼ì â ðàññìîòðåíèå ðàçíîñòè

wk(x, t, s) = uk(x, t, s)− uk−1(x, t, s), k = 1, 2, . . . .
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Èç �îðìóë (11) ñëåäóþò ðàâåíñòâà

w1(x, t, s) =
1

2

t∫

(t+s−x)/2

dτ

∫

S(τ,x,t)

q(ξ, τ) dξ, (13)

wk(x, t, s) = uk(x, t, s)− uk−1(x, t, s) =

=
1

2

t∫

(t+s−x)/2

dτ

∫

S(τ,x,t)

q(ξ, τ)
[
uγ+1
k−1(ξ, τ, s)− uγ+1

k−2(ξ, τ, s)
]
dξ =

=
1

2

t∫

(t+s−x)/2

dτ

∫

S(τ,x,t)

q(ξ, τ)wk−1(ξ, τ, s)Rγ(uk−1, uk−2) dξ,

k = 2, 3, . . . , (14)

Â (14) èñïîëüçîâàíî ïðåäñòàâëåíèå

uγ+1
k−1(x, t, s)−uγ+1

k−2(x, t, s) = (γ+1)

uk−1(x,t,s)∫

uk−2(x,t,s)

zγ dz = wk−1(x, t, s)Rγ(uk−1, uk−2),

çäåñü äëÿ êðàòêîñòè èñïîëüçóåòñÿ çàïèñü wk−1(x, t, s)Rγ(uk−1, uk−2), êîòî-
ðàÿ ïîäðàçóìåâàåò âûðàæåíèå âèäà

wk−1(x, t, s)Rγ(uk−1, uk−2) ≡ wk−1(x, t, s)Rγ(uk−1(x, t, s), uk−2(x, t, s)),

ãäå

Rγ(uk−1(x, t, s), uk−2(x, t, s)) =

= (γ + 1)

1∫

0

[ζuk−1(x, t, s) + (1− ζ)uk−2(x, t, s)
]γ

dζ 6 2γ(γ + 1). (15)

Èç (13) è (14) ïðè k = 2 ïîëó÷àåì

|w1(x, t, s)| 6
TQ

4

t∫

s

dτ =
TQ

4
(t− s),
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234 Îáðàòíàÿ çàäà÷à äëÿ âîëíîâîãî óðàâíåíèÿ

|w2(x, t, s)| 6
1

2

t∫

(t+s−x)/2

dτ

∫

S(τ,x,t)

|q(ξ, τ)w1(ξ, τ, s)Rγ(u1, u0)| dξ 6

6

(
TQ

4

)2

2γ(1 + γ)

t∫

s

(τ − s) dτ = 2γ(1 + γ)

(
TQ

4

)2
(t− s)2

2!
.

Ïðåäïîëîæèì, ÷òî ïðè íåêîòîðîì k ∈ N, k > 2, èìååò ìåñòî íåðàâåí-
ñòâî

|wk(x, t, s)| 6 [2γ(1 + γ)]k−1

(
TQ

4

)k
(t− s)k

k!
, (x, t) ∈ G(T, s). (16)

Îöåíèì �óíêöèþ wk+1(x, t, s), îïèðàÿñü íà èíäóêöèîííîå ïðåäïîëîæåíèå
(16). Â ðåçóëüòàòå ïîëó÷èì

|wk+1(x, t, s)| 6
1

2

t∫

(t+s−x)/2

dτ

∫

S(τ,x,t)

|q(ξ, τ)wk(ξ, τ, s)Rγ(uk, uk−1)| dξ 6

6 [2γ(1 + γ)]k
(
TQ

4

)k+1
t∫

s

(τ − s)k

k!
dτ =

= [2γ(1 + γ)]k
(
TQ

4

)k+1
(t− s)k+1

(k + 1)!
.

Â ñèëó ìåòîäà ìàòåìàòè÷åñêîé èíäóêöèè ìîæåì óòâåðæäàòü, ÷òî ñïðà-

âåäëèâà ñëåäóþùàÿ îöåíêà:

|wn(x, t, s)| 6 [2γ(1 + γ)]n−1

(
TQ

4

)n
(t− s)n

n!
,

(x, t) ∈ G(T, s), n = 2, 3 . . . . (17)

Èç îöåíêè (17) ñëåäóåò ðàâíîìåðíàÿ ñõîäèìîñòü ðÿäà

∞∑
n=1

wn(x, t, s)

â îáëàñòè G∗

T , ÷òî äîêàçûâàåò ðàâíîìåðíóþ ñõîäèìîñòü ïîñëåäîâàòåëü-

íîñòè un(x, t, s) â ýòîé æå îáëàñòè. Òàê êàê î÷åâèäíî, ÷òî âñå un(x, t, s)
íåïðåðûâíû â ýòîé îáëàñòè, òî è ïðåäåë ýòîé ïîñëåäîâàòåëüíîñòè îïðå-

äåëÿåò íåïðåðûâíóþ â îáëàñòè G∗

T �óíêöèþ u(x, t, s), êîòîðàÿ ÿâëÿåòñÿ

ðåøåíèåì óðàâíåíèÿ (7). Î÷åâèäíî, ÷òî ýòà �óíêöèÿ óäîâëåòâîðÿåò óñëî-

âèÿì

0 6 u(x, t, s) 6 2, (x, t) ∈ G∗

T .
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�

Òåîðåìà 2.Ïðè âûïîëíåíèè óñëîâèÿ (8) íåïðåðûâíîå â îáëàñòèG(T, s)
ðåøåíèå óðàâíåíèÿ (7) åäèíñòâåííî.

Äîêàçàòåëüñòâî.Ïðåäïîëîæèì, ÷òî â îáëàñòè G(T, s) ñóùåñòâóþò äâà
ðåøåíèÿ uk(x, t, s), k = 1, 2, óðàâíåíèÿ (7), êîòîðûå ÿâëÿþòñÿ

íåïðåðûâíûìè �óíêöèÿìè. Â ñèëó ëåììû 1 ýòè ðåøåíèÿ îãðàíè÷åíû

ïîñòîÿííîé 2. Îáîçíà÷èì ũ(x, t, s) = u1(x, t, s) − u2(x, t, s), òîãäà èìååò

ìåñòî îöåíêà

|ũ(x, t, s)| 6 |u1(x, t, s)|+ |u2(x, t, s)| 6 4 (18)

è ñïðàâåäëèâî ðàâåíñòâî

ũ(x, t, s) =
1

2

t∫

(t+s−x)/2

dτ

∫

S(τ,x,t)

q(ξ, τ)
[
uγ+1
1 (ξ, τ, s)− uγ+1

2 (ξ, τ, s)
]
dξ =

=
1

2

t∫

(t+s−x)/2

dτ

∫

S(τ,x,t)

q(ξ, τ)ũ(ξ, τ, s)Rγ(u1, u2) dξ, (19)

â êîòîðîì

|Rγ(u1, u2)| 6 2γ(γ + 1). (20)

Èç (19), â ñèëó (20), ïîëó÷èì îöåíêó

|ũ(x, t, s)| 6
1

2

t∫

(t+s−x)/2

dτ

∫

S(τ,x,t)

|q(ξ, τ)ũ(ξ, τ, s)Rγ(u1, u2)| dξ 6

6 21+γ(1 + γ)QT

t∫

s

dτ = 2γ(1 + γ)QT (t− s). (21)

Èñïîëüçóÿ (21), èç (19) ìîæåì íàïèñàòü íîâóþ îöåíêó

|ũ(x, t, s)| 6
1

2

t∫

(t+s−x)/2

dτ

∫

S(τ,x,t)

|q(ξ, τ)ũ(ξ, τ, s)Rγ(u1, u2)| dξ 6

6 4

(
QT2γ(1 + γ)

4

)2
t∫

s

(τ − s) dτ = 4

(
QT2γ(1 + γ)

4

)2
(t− s)2

2!
.
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236 Îáðàòíàÿ çàäà÷à äëÿ âîëíîâîãî óðàâíåíèÿ

Ïîâòîðÿÿ ýòîò ïðîöåññ èòåðàöèé n ðàç, ïðèõîäèì ê îöåíêå

|ũ(x, t, s)| 6 4

(
TQ2γ(1 + γ)

4

)n
(t− s)n

n!
. (22)

Òàê êàê ïðàâàÿ ÷àñòü íåðàâåíñòâà (22) ðàâíîìåðíî ñòðåìèòñÿ

ê íóëþ â îáëàñòè G(T, s) ïðè n → ∞, òî ũ(x, t, s) = 0 â îáëàñòè G(T, s),
ò. å. u1(x, t, s) = u2(x, t, s) äëÿ âñåõ (x, t) ∈ G(T, s). �

Òåîðåìà 3. Ïóñòü âûïîëíåíî óñëîâèå (8). Òîãäà ðåøåíèå óðàâíåíèÿ

(7) ÿâëÿåòñÿ �óíêöèåé êëàññà C1(G∗

T ). Êðîìå òîãî, uxs ∈ C(G∗

T ).

Äîêàçàòåëüñòâî. Ïóñòü (x, t) ∈ G(T, s). Çàïèøåì óðàâíåíèå (8) â âèäå

ñóììû ïîâòîðíûõ èíòåãðàëîâ.

Âíà÷àëå ðàññìîòðèì ñëó÷àé (a): t−x 6 (t+x+s)/2 (ñì. ðèñ. 1). Â ýòîì

ñëó÷àå óðàâíåíèå (7) ïðèìåò âèä

u(x, t, s) = 1 +
1

2

t−x∫

(t−x+s)/2

dτ

τ−s∫

t−x−τ

q(ξ, τ)uγ+1(ξ, τ, s) dξ+

+
1

2

(t+x+s)/2∫

t−x

dτ

τ−s∫

x−t+τ

q(ξ, τ)uγ+1(ξ, τ, s) dξ+

+
1

2

t∫

(t+x+s)/2

dτ

t+x−τ∫

x−t+τ

q(ξ, τ)uγ+1(ξ, τ, s) dξ. (23)

À òåïåðü ðàññìîòðèì ñëó÷àé (b): (t + x + s)/2 6 t − x. Â ýòîì ñëó÷àå

óðàâíåíèå (7) ïðèìåò âèä

u(x, t, s) = 1 +
1

2

(t+x+s)/2∫

(t−x+s)/2

dτ

τ−s∫

t−x−τ

q(ξ, τ)uγ+1(ξ, τ, s) dξ+

+
1

2

t−x∫

(t+x+s)/2

dτ

t+x−τ∫

t−x−τ

q(ξ, τ)uγ+1(ξ, τ, s) dξ+

+
1

2

t∫

t−x

dτ

t+x−τ∫

x−t+τ

q(ξ, τ)uγ+1(ξ, τ, s) dξ. (24)
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Ïðè äè��åðåíöèðîâàíèè êàæäîãî èç óðàâíåíèé (23) è (24) ïî ïåðå-

ìåííûì x è t ïîëó÷èì îäèí è òîò æå ðåçóëüòàò:

ut(x, t, s) = −
1

2

t−x∫

(t−x+s)/2

q(t− x− τ, τ)uγ+1(t− x− τ, τ, s) dτ+

+
1

2

t∫

t−x

q(x− t+ τ, τ)uγ+1(x− t+ τ, τ, s) dτ+

+
1

2

t∫

(t+x+s)/2

q(t+ x− τ, τ)uγ+1(t + x− τ, τ, s) dτ, (25)

ux(x, t, s) =
1

2

t−x∫

(t−x+s)/2

q(t− x− τ, τ)uγ+1(t− x− τ, τ, s) dτ−

−
1

2

t∫

t−x

q(x− t+ τ, τ)uγ+1(x− t+ τ, τ, s) dτ

+
1

2

t∫

(t+x+s)/2

q(t+ x− τ, τ)uγ+1(t + x− τ, τ, s) dτ. (26)

�àâåíñòâà (25) è (26) îïðåäåëÿþò íåïðåðûâíûå â G∗

T �óíêöèè ut(x, t, s) è
ux(x, t, s).

Ïîêàæåì íåïðåðûâíîñòü �óíêöèè us(x, t, s) â òîé æå îáëàñòè. Äè��å-
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ðåíöèðóÿ ïî s óðàâíåíèÿ (23), (24), ïîëó÷èì

us(x, t, s) = −
1

2

(t+x+s)/2∫

(t−x+s)/2

q(τ − s, τ)uγ+1(τ − s, τ, s) dτ+

+
γ + 1

2

t−x∫

(t−x+s)/2

dτ

τ−s∫

t−x−τ

q(ξ, τ)uγ(ξ, τ, s)us(ξ, τ, s) dξ+

+
γ + 1

2

(t+x+s)/2∫

t−x

dτ

τ−s∫

x−t+τ

q(ξ, τ)uγ(ξ, τ, s)us(ξ, τ, s) dξ+

+
γ + 1

2

t∫

(t+x+s)/2

dτ

t+x−τ∫

x−t+τ

q(ξ, τ)uγ(ξ, τ, s)us(ξ, τ, s) dξ,

t− x 6 (t + x+ s)/2, (27)

us(x, t, s) = −
1

2

(t+x+s)/2∫

(t−x+s)/2

q(τ − s, τ)uγ+1(τ − s, τ, s) dτ+

+
γ + 1

2

t−x∫

(t−x+s)/2

dτ

τ−s∫

t−x−τ

q(ξ, τ)uγ(ξ, τ, s)us(ξ, τ, s) dξ+

+
γ + 1

2

(t+x+s)/2∫

t−x

dτ

τ−s∫

x−t+τ

q(ξ, τ)uγ(ξ, τ, s)us(ξ, τ, s) dξ+

+
γ + 1

2

t∫

(t+x+s)/2

dτ

t+x−τ∫

x−t+τ

q(ξ, τ)uγ(ξ, τ, s)us(ξ, τ, s) dξ,

t− x > (t + x+ s)/2. (28)

Óðàâíåíèÿ (27), (28) ïðè (x, t, s) ∈ G∗

T ìîæíî çàïèñàòü åäèíîîáðàçíî
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ñëåäóþùèì îáðàçîì:

us(x, t, s) = −
1

2

(t+x+s)/2∫

(t−x+s)/2

q(τ − s, τ)uγ+1(τ − s, τ, s) dτ+

+
γ + 1

2

∫∫

D(x,t,s)

q(ξ, τ)uγ(ξ, τ, s)us(ξ, τ, s) dξdτ, (x, t, s) ∈ G∗

T . (29)

Óðàâíåíèå (29) ÿâëÿåòñÿ èíòåãðàëüíûì óðàâíåíèåì Âîëüòåððà ïî ïåðå-

ìåííîé t îòíîñèòåëüíî �óíêöèè us(x, t, s). ßäðî ýòîãî óðàâíåíèÿ è ñâîáîä-
íûé ÷ëåí íåïðåðûâíû â G∗

T . Ïîýòîìó ñóùåñòâóþò åäèíñòâåííîå íåïðåðûâ-

íûå ðåøåíèå ýòîãî óðàâíåíèÿ. Ñëåäîâàòåëüíî, óðàâíåíèå (29) îïðåäåëÿåò

us(x, t, s) êàê íåïðåðûâíóþ �óíêöèþ â G∗

T .

Ïðè äè��åðåíöèðîâàíèè óðàâíåíèé (27), (28) ïî ïåðåìåííîé x ïîëó-

÷èì îäèí è òîò æå ðåçóëüòàò

usx(x, t, s) = −
1

2
q

(
t + x− s

2
,
t+ x+ s

2

)
uγ+1

(
t + x− s

2
,
t + x+ s

2
, s

)
−

−
1

2
q

(
t− x− s

2
,
t− x+ s

2

)
uγ+1

(
t− x− s

2
,
t− x+ s

2
, s

)
+

+
γ + 1

2

t−x∫

(t−x+s)/2

q(t− x− τ, τ)uγ(t− x− τ, τ, s)us(t− x− τ, τ, s) dτ−

−
γ + 1

2

t∫

t−x

q(x− t+ τ, τ)uγ(x− t + τ, τ, s)us(x− t+ τ, τ, s) dτ+

+
γ + 1

2

t∫

(t+x+s)/2

q(t+ x− τ, τ)uγ(t+ x− τ, τ, s)us(t + x− τ, τ, s) dτ,

(x, t, s) ∈ G∗

T . (30)

Òàê êàê âûðàæåíèÿ, ñòîÿùèå â ïðàâîé ÷àñòè ðàâåíñòâà (30) ÿâëÿþòñÿ

íåïðåðûâíûìè �óíêöèÿìè, òî è âûðàæåíèå, ñòîÿùåå â ëåâîé ÷àñòè ýòîãî

ðàâåíñòâà, òàêæå ÿâëÿåòñÿ íåïðåðûâíîé �óíêöèåé â îáëàñòè G∗

T . Òàêèì

îáðàçîì, �óíêöèÿ usx(x, t, s) ∈ C(G∗

T ). �
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240 Îáðàòíàÿ çàäà÷à äëÿ âîëíîâîãî óðàâíåíèÿ

� 3. Èññëåäîâàíèå îáðàòíîé çàäà÷è

Â îáðàòíîé çàäà÷å èçâåñòíû ïðè x = 0 äàííûå Êîøè �óíêöèè u(x, t, s):

u|x=0 = 1, ux|x=0 = f(t, s), (t, s) ∈ G0(T ),

G0(T ) = {(t, s) | 0 6 s 6 t 6 T}.
(31)

Êàê ñëåäóåò èç òåîðåìû 3, �óíêöèÿ f(t, s) è å¼ ïðîèçâîäíàÿ fs(t, s) äîëæ-
íû ïðèíàäëåæàòü êëàññó C(G0(T ). Êðîìå òîãî, �óíêöèÿ f(t, s) äîëæíà
óäîâëåòâîðÿòü óñëîâèþ f(s, s) = 0. Ýòî íåîáõîäèìûå óñëîâèÿ ðàçðåøèìî-

ñòè îáðàòíîé çàäà÷è. Ïðèìåì, ÷òî îíè âûïîëíåíû.

Ââåä¼ì äëÿ óäîáñòâà çàïèñè íîâûå �óíêöèè

v(x, t, s) := us(x, t, s), F (t, s) = fs(t, s). (32)

Çàïèøåì óðàâíåíèå (30) äëÿ �óíêöèè usx(x, t, s) ïðè x = 0, èñïîëüçóÿ
äàííûå Êîøè (31).

F (t, s) = −
1

2
q

(
t− s

2
,
t+ s

2

)
uγ+1

(
t− s

2
,
t + s

2
, s

)
+

+ (γ + 1)

t∫

(t+s)/2

q(t− τ, τ)uγ(t− τ, τ, s)v(t− τ, τ, s) dτ. (33)

Çàìåíèì â (33) â èíòåãðàëå ïåðåìåííóþ èíòåãðèðîâàíèÿ τ íà ξ = t − τ .
Òîãäà ïîëó÷èì óðàâíåíèå

F (t, s) = −
1

2
q

(
t− s

2
,
t+ s

2

)
uγ+1

(
t− s

2
,
t + s

2
, s

)
+

+ (γ + 1)

(t−s)/2∫

0

q(ξ, t− ξ)uγ(ξ, t− ξ, s)v(ξ, t− ξ, s) dξ, (t, s) ∈ G0(T ).

(34)

Çàìåòèì, ÷òî òî÷êà ((t − s)/2, (t + s)/2) ïðè èçìåíåíèè t è s â G0(T )
ïðîáåãàåò âñå òî÷êè îáëàñòè G(T ) = {(x, t) | (0 6 x 6 t 6 T − x}.
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Ïîëîæèì

t− s

2
= x,

t+ s

2
= t′, òîãäà t = x + t′, s = t′ − x è óðàâíåíèå

(33) ïðèìåò âèä

F (x+ t′, t′ − x) = −
1

2
q(x, t′)uγ+1(x, t′, t′ − x)+

+ (γ + 1)

x∫

0

q(ξ, x+ t′ − ξ)uγ(ξ, x+ t′ − ξ, t′ − x)v(ξ, x+ t′ − ξ, t′ − x) dξ,

(x, t) ∈ G(T, s). (35)

Ìåíÿÿ t′ íà t, óðàâíåíèå (35) ìîæåì çàïèñàòü ñëåäóþùèì îáðàçîì:

q(x, t) = −
2F (x+ t, t− x)

uγ+1(x, t, t− x)

+
2(γ + 1)

uγ+1(x, t, t− x)

x∫

0

q(ξ, x+ t− ξ)uγ(ξ, x+ t− ξ, t−x)v(ξ, x+ t− ξ, t−x) dξ,

(x, t) ∈ G(T, s). (36)

Èñïîëüçóÿ �îðìóëó Äàëàìáåðà äëÿ óðàâíåíèÿ (1) ñ äàííûìè Êîøè (2)

è (4) ïðè x = 0, çàïèøåì óðàâíåíèå äëÿ �óíêöèè u(x, t, s). Îíî èìååò âèä

u(x, t, s) = u0(x, t, s)−
1

2

x∫

0

t+x−ξ∫

ξ+t−x

q(ξ, τ)uγ+1(ξ, τ, s) dτdξ, (x, t, s) ∈ G∗

T , (37)

â êîòîðîì

u0(x, t, s) = 1 +
1

2

t+x∫

t−x

f(τ, s) dτ.

Äè��åðåíöèðóÿ óðàâíåíèå (37) ïî ïåðåìåííîé s, ïîëó÷èì

v(x, t, s) = v0(x, t, s)−
γ + 1

2

x∫

0

t+x−ξ∫

ξ+t−x

q(ξ, τ)uγ(ξ, τ, s)v(ξ, τ, s), dτdξ,

(x, t, s) ∈ G∗

T , (38)

â êîòîðîì

v0(x, t, s) =
1

2

t+x∫

t−x

F (τ, s) dτ.
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242 Îáðàòíàÿ çàäà÷à äëÿ âîëíîâîãî óðàâíåíèÿ

Óðàâíåíèÿ (36)�(38) îáðàçóþò çàìêíóòóþ ñèñòåìó íåëèíåéíûõ óðàâíåíèé

äëÿ îòûñêàíèÿ òð¼õ �óíêöèé q(x, t), u(x, t, s) è v(x, t, s). Äëÿ äàëüíåéøåãî,
óäîáíî ïðåîáðàçîâàòü óðàâíåíèå (36), çàïèñàâ åãî â âèäå

q(x, t) = q0(x, t) +
2F (x+ t, t− x)[uγ+1(x, t, t− x)− uγ+1

0 (x, t, t− x)]

uγ+1(x, t, t− x)uγ+1
0 (x, t, t− x)

+

+
2(γ + 1)

uγ+1(x, t, t− x)

x∫

0

q(ξ, x+ t− ξ)uγ(ξ, x+ t− ξ, t−x)v(ξ, x+ t− ξ, t−x) dξ,

(x, t) ∈ G(T, s), (39)

â êîòîðîì

q0(x, t) = −
2F (x+ t, t− x)

uγ+1
0 (x, t, t− x)

.

�àññìîòðèì êëàññ �óíêöèé f(t, s):

F = {f ∈ C(G0(T )) | fs ∈ C(G0(T )), |f(t, s)| 6 f∗, |F (t, s)| 6 F∗}.

Òîãäà èìååì

(
1−

Tf∗
2

)
6 u0(x, t, s) 6

(
1 +

Tf∗
2

)
, |v0(x, t, s)| 6

TF∗

2
,

|q0(x, t)| 6
22+γF∗

(2− Tf∗)1+γ
.

Âûáåðåì T èç óñëîâèÿ Tf∗ = 1. Îáîçíà÷èì

M := max

{
3

2
,

F∗

2f∗
, 22+γF∗

}
,

òîãäà

|q0(x, t)| 6 M,
1

2
6 u0(x, t, s) 6 M, |v0(x, t, s)| 6 M. (40)

Òåîðåìà 4. Ïóñòü f ∈ F . Òîãäà ñóùåñòâóåò ïîëîæèòåëüíîå ÷èñëî

T0 6 T è åäèíñòâåííàÿ �óíêöèÿ q(x, t) ∈ C(G(T, s)), òàêèå, ÷òî ðåøåíèå

çàäà÷è (1)�(3) óäîâëåòâîðÿåò óñëîâèþ (4) ïðè (t, s) ∈ G0(T ).

Äîêàçàòåëüñòâî. Çàïèøåì óðàâíåíèÿ (37)�(39) â îïåðàòîðíîì âèäå

g = A(g), (41)

ãäå

g(x, t, s) =
(
q(x, t), u(x, t, s), v(x, t, s)

)
, g0 =

(
q0(x, t), u0(x, t, s), v0(x, t, s)

)
.
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Îïåðàòîðû Ak(g), k = 1, 2, 3, îïðåäåëÿþòñÿ ïðàâûìè ÷àñòÿìè óðàâíåíèé

(37)�(39):

A1(g) = q0(x, t) +
2F (x+ t, t− x)[uγ+1(x, t, t− x)− uγ+1

0 (x, t, t− x)]

uγ+1(x, t, t− x)uγ+1
0 (x, t, t− x)

+

+
2(γ + 1)

uγ+1(x, t, t− x)

x∫

0

q(ξ, x+ t− ξ)uγ(ξ, x+ t− ξ, t−x)v(ξ, x+ t− ξ, t−x) dξ,

(x, t) ∈ G(T, s), (42)

A2(g) = u0(x, t, s)−
1

2

x∫

0

t+x−ξ∫

ξ+t−x

q(ξ, τ)uγ+1(ξ, τ, s) dτdξ, (x, t, s) ∈ G∗

T , (43)

A3(g) = v0(x, t, s)−
γ + 1

2

x∫

0

t+x−ξ∫

ξ+t−x

q(ξ, τ)uγ(ξ, τ, s)v(ξ, τ, s), dτdξ,

(x, t, s) ∈ G∗

T . (44)

Óðàâíåíèÿ (42)�(44) çàïèøåì ñëåäóþùèì îáðàçîì:

A1(g)− q0(x, t) =
2F (x+ t, t− x)

(
u(x, t, s)− u0(x, t, t− x)

)
Rγ(u, u0)

uγ+1(x, t, t− x)uγ+1
0 (x, t, t− x)

+

+
2(γ + 1)

uγ+1(x, t, t− x)

x∫

0

q(ξ, x+ t− ξ)uγ(ξ, x+ t− ξ, t−x)v(ξ, x+ t− ξ, t−x) dξ,

(x, t) ∈ G(T, s), (45)

A2(g)− u0(x, t, s) = −
1

2

x∫

0

t+x−ξ∫

ξ+t−x

q(ξ, τ)uγ+1(ξ, τ, s) dτdξ,

(x, t, s) ∈ G∗

T , (46)

A3(g)− v0(x, t, s) = −
γ + 1

2

x∫

0

t+x−ξ∫

ξ+t−x

q(ξ, τ)uγ(ξ, τ, s)v(ξ, τ, s), dτdξ,

(x, t, s) ∈ G∗

T . (47)
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244 Îáðàòíàÿ çàäà÷à äëÿ âîëíîâîãî óðàâíåíèÿ

Ôóíêöèÿ Rγ(u, u0) â (45) îïðåäåëÿåòñÿ àíàëîãè÷íî �óíêöèè Rγ(uk−1, uk−2):

Rγ(u(x, t, s), u0(x, t, s)) = (γ + 1)

1∫

0

[ζu(x, t, s) + (1− ζ)u0(x, t, s)
]γ

dζ. (48)

Ïîêàæåì, ÷òî îïåðàòîð A(g) ÿâëÿåòñÿ ñæèìàþùèì íà ïîäõîäÿùåì

ìíîæåñòâå �óíêöèé ïðè ìàëîì T .
Îáîçíà÷èì C(G∗

T ) � ïðîñòðàíñòâî íåïðåðûâíûõ âåêòîð-�óíêöèé

ñ íîðìîé

‖g‖C(G∗

T
) = max

{
‖q‖(G(T,s)), ‖u‖C(G∗

T
), ‖v‖C(G∗

T
)

}
.

Â ñèëó (40), ìîæåì íàïèñàòü

‖g0‖C(G∗

T
) 6 M. (49)

�àññìîòðèì â áàíàõîâîì ïðîñòðàíñòâå C(G∗

T ) çàìêíóòîå ìíîæåñòâî

M(T,M) :=
{
g ∈ C(G∗

T ) | ‖q − q0‖C(G(T,s)) 6 M,

‖u− u0‖C(G∗

T
) 6 M, ‖v − v0‖C(G∗

T
) 6 M

}
. (50)

Íà ýòîì ìíîæåñòâå ñïðàâåäëèâû îöåíêè

‖q‖C(G(T,s)) 6 2M, ‖u‖C(G∗

T
) 6 2M, ‖v‖C(G∗

T
) 6 2M. (51)

Â ñèëó (48), (49), (51) äëÿ �óíêöèè Rγ(u, u0) ñïðàâåäëèâà îöåíêà

|Rγ(u, u0)| 6 (γ + 1)(2M)γ . (52)

Èñïîëüçóÿ (37), ìîæåì íàïèñàòü ñëåäóþùèå îöåíêè:

|u(x, t, s)− u0(x, t, s)| 6
T 2

8
(2M)γ+2, (53)

u(x, t, s) > u0(x, t, s)

[
1−

1

2u0(x, t, s)

x∫

0

t+x−ξ∫

ξ+t−x

|q(ξ, τ)||uγ+1(ξ, τ, s)| dτdξ

]
>

> u0(x, t, s)

[
1−

T 2

4
(2M)γ+2

]
. (54)
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Åñëè T óäîâëåòâîðÿåò óñëîâèþ T 6

√
3

(2M)γ+2
, òîãäà èç (54) èìååì

u(x, t, s) > 1/4, (x, t, s) ∈ G∗

T . (55)

Â äàëüíåéøåì áóäåì ïîëàãàòü, ÷òî

T 6 T1 = min

{
1

f∗
,

√
3

(2M)γ+2

}
. (56)

Â ñèëó (51)�(53), (55) èç óðàâíåíèé (42)�(44) ïîëó÷èì îöåíêè

|A1(g)− q0(x, t)| 6
2|F (x+ t, t− x)|

∣∣u(x, t, s)− u0(x, t, t− x)
∣∣|Rγ(u, u0)|

|uγ+1(x, t, t− x)uγ+1
0 (x, t, t− x)|

+

+
2(γ + 1)

|uγ+1(x, t, t− x)|

x∫

0

|q(ξ, x+t−ξ)||uγ(ξ, x+t−ξ, t−x)||v(ξ, x+t−ξ, t−x)| dξ 6

6 2F∗8
γ+1(1 + γ)(2M)γ

T 2(2M)γ+2

8
+ T (γ + 1)4γ+1(2M)γ+2 6

6 8γ(1 + γ)(2M)γ+2
[
2F∗(2M)γT 2 + 4T

]
=: C1(M, γ, T )T ],

(x, t) ∈ G(T, s), (57)

|A2(g)− u0(x, t, s)| 6
1

2

x∫

0

t+x−ξ∫

ξ+t−x

|q(ξ, τ)||uγ+1(ξ, τ, s)| dτdξ 6

6
T 2

8
(2M)γ+2 =: C2(M, γ)T 2, (x, t, s) ∈ G∗

T , (58)

|A3(g)− v0(x, t, s)| 6
γ + 1

2

x∫

0

t+x−ξ∫

ξ+t−x

q(ξ, τ)uγ(ξ, τ, s)v(ξ, τ, s), dτdξ 6

6 (γ + 1)
T 2

8
(2M)γ+2 =: C3(M, γ)T 2, (x, t, s) ∈ G∗

T . (59)

Âûáåðåì ÷èñëî T2 èç óñëîâèé:

T2 6 T1, C1(M, γ, T2)T2 6 1, C2(M, γ)T 2
2 6 1, C3(M, γ)T 2

2 6 1.

Òîãäà ïðè T 6 T2 îïåðàòîð A ïåðåâîäèò ìíîæåñòâî M(T,M) â ñåáÿ.

ISSN 1560-750X (Print) ISSN 3033-8271 (Online)

Ìàòåìàòè÷åñêèå òðóäû, 2026, Òîì 29, � 3, C. 226-254

Mat. Trudy, 2026, V. 29, N. 3, P. 226-254



246 Îáðàòíàÿ çàäà÷à äëÿ âîëíîâîãî óðàâíåíèÿ

Â äàëüíåéøåì áóäåì ïîëàãàòü, ÷òî T 6 T2.

Ïîêàæåì òåïåðü, ÷òî îïåðàòîð A(g) ÿâëÿåòñÿ ñæèìàþùèì íà ìíî-

æåñòâå M(T,M) ïðè âîçìîæíî äàëüíåéøåì óìåíüøåíèè T . Ïóñòü g1 =
(q1, u1, v1) è g2 = (q2, u2, v2)� äâà íàáîðà �óíêöèé, ïðèíàäëåæàùèõM(T,M).

Îáîçíà÷èì

q(x, t) = q1(x, t)− q2(x, t),

u(x, t, s) = u1(x, t, s)− u2(x, t, s), v(x, t, s) = v1(x, t, s)− v2(x, t, s),
(60)

‖g‖ := ‖g‖C(G∗

T
) = max

{
max

(x,t)∈G(T,s)
|q(x, t)|, max

(x,t,s)∈G∗

T

|u(x, t, s)|,

max
(x,t,s)∈G∗

T

|v(x, t, s)|
}
. (61)

Òîãäà, â ñèëó (42)�(44), ìîæíî çààïèñàòü ñîîòíîøåíèÿ äëÿ ðàçíîñòåé â

âèäå:

A1(g1)− A1(g2) =
2F (x+ t, t− x)

uγ+1
1 (x, t, s)uγ+1

2 (x, t, s)
u(x, t, s)Rγ(u1, u2)+

+ 2(γ + 1)
u(x, t, s)Rγ(u2, u1)

uγ+1
1 (x, t, s)uγ+1

2 (x, t, s)
×

×

x∫

0

q1(ξ, x+ t− ξ)uγ
1(ξ, x+ t− ξ, s)v1(ξ, x+ t− ξ, s) dξ+

+
2(γ + 1)

uγ+1
2 (x, t, s)

x∫

0

[
q(ξ, x+ t− ξ)uγ

1(ξ, x+ t− ξ, s)v1(ξ, x+ t− ξ, s)+

+ q2(ξ, x+ t− ξ)u(ξ, x+ t− ξ, s)Rγ−1(u1, u2)v1(ξ, x+ t− ξ, s)+

+ q2(ξ, x+ t− ξ)uγ
2(ξ, x+ t− ξ, s)v(ξ, x+ t− ξ, s)

]
dξ, (62)

A2(g1)− A2(g2) = −
1

2

x∫

0

t+x−ξ∫

ξ+t−x

[
q(ξ, τ)uγ+1

1 (ξ, τ, s)+

+ q2(ξ, τ)u(ξ, τ, s)Rγ(u1, u2)
]
dτdξ, (x, t, s) ∈ G∗

T , (63)

A3(g1)− A3(g2) = −
γ + 1

2

x∫

0

t+x−ξ∫

ξ+t−x

[
q(ξ, τ)uγ

1(ξ, τ, s)v1(ξ, τ, s)+

+ q2(ξ, τ)u(ξ, τ, s)Rγ−1(u1, u2)v1(ξ, τ, s)+

+ q2(ξ, τ)u
γ
2(ξ, τ, s)v(ξ, τ, s)

]
dτ. (64)
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Äëÿ �óíêöèè Rγ(u2, u1) ñïðàâåäëèâà îöåíêà, ïîäîáíàÿ (52)

|Rγ(u1, u2)| 6 (γ + 1)(2M)γ. (65)

Â ñèëó (51), (65), ïîëó÷àåì äëÿ ýòèõ ðàçíîñòåé ñëåäóþùèå îöåíêè:

|u(x, t, s)| = |A2(g1)−A2(g2)| 6

6
T 2

8
(2M)γ+1(γ + 2)‖g1 − g2‖ =: C4T

2‖g1 − g2‖, (66)

|A3(g1)−A3(g2)| 6
(γ + 1)

2

T 2

4
(2M)γ+1(γ + 2)‖g1 − g2‖ =

=: C5T
2‖g1 − g2‖. (67)

Èñïîëüçóÿ (66), ïîëó÷èì îöåíêó äëÿ ðàçíîñòè A1(g1)− A1(g2):

|A1(g1)−A1(g2)| 6

[
2F∗16

γ+1(2M)γ(γ + 1)C4T
2

+ 2(γ + 1)(2M)γ(γ + 1)16γ+1T

2
(2M)γ+2+

+ 2(γ + 1)4γ+1T

2
(2M)γ+1(γ + 2)

]
‖g1 − g2‖ =

=: (C6T
2 + C7T )‖g1 − g2‖. (68)

Ïóñòü ρ ∈ (0, 1). Âûáåðåì T0 òàê, ÷òîáû âûïîëíÿëèñü óñëîâèÿ

T0 6 T2, C4T
2
0 6 ρ, C5T

2
0 6 ρ, (C6T

2
0 + C7T0) 6 ρ.

Òîãäà âûïîëíåíû íåðàâåíñòâà

‖Ak(g1)− Ak(g2)‖ 6 ρ ‖g1 − g2‖, k = 1, 2, 3,

êîòîðûå îçíà÷àþò, ÷òî A(g) ÿâëÿåòñÿ ñæèìàþùèì íà ìíîæåñòâåM(T0,M).
Â ñèëó ïðèíöèïà Áàíàõà ñæèìàþùèõ îòîáðàæåíèé íà ìíîæåñòâåM(T0,M)
ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå îïåðàòîðíîãî óðàâíåíèÿ (41). �

Òåîðåìà 5. Ïóñòü �óíêöèè qk(x, t), k = 1, 2, ÿâëÿþòñÿ ðåøåíèÿìè

îáðàòíîé çàäà÷è (1)�(4) ñ äàííûìè fk(t, s) ∈ F , k = 1, 2, ñîîòâåòñòâåííî.
Ïóñòü, êðîìå òîãî, âûïîëíÿþòñÿ óñëîâèÿ

1

2
6 uk0(x, t, s) = 1 +

1

2

t+x∫

t−x

fk(τ, s) dτ 6 M, 1/4 6 uk(x, t, s) 6 M,

|uk(x, t, s)− uk0(x, t, s)| 6 M, (x, t, s) ∈ G∗

T , k = 1, 2,

(69)
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ñ íåêîòîðîé ïîëîæèòåëüíîé ïîñòîÿííîé M . Òîãäà íàéä¼òñÿ ïîñòîÿííàÿ C
òàêàÿ, ÷òî èìååò ìåñòî îöåíêà

‖q1 − q2‖C(G(T,s)) 6 C
(
‖f1 − f2‖C(G0(T )) + ‖f1s − f2s‖C(G0(T ))

)
. (70)

Äîêàçàòåëüñòâî. �åøåíèå îáðàòíîé çàäà÷è (1)�(4) ñ äàííûìè fk(t, s),
k = 1, 2, îáîçíà÷èì qk(x, t), uk(x, t, s), vk(x, t, s), k = 1, 2. Ñîîòâåòñòâóþùèå
èì �óíêöèè q0(x, t), u0(x, t, s), v0(x, t, s) â óðàâíåíèÿõ (42)�(44) îáîçíà÷èì
qk0(x, t), uk0(x, t, s), v0k(x, t, s). Ïóñòü Fk(t, s) = fks(t, s), k = 1, 2, è

|qk(x, t)| 6 M, (x, t) ∈ G(T, s),

|uk(x, t, s)| 6 M, |vk(x, t, s)| 6 M, (x, t, s) ∈ G∗

T , k = 1, 2.
(71)

�àññìîòðèì ðàçíîñòè

q̃(x, t) = q1(x, t)− q2(x, t), ũ(x, t, s) = u1(x, t, s)− u2(x, t, s),

ṽ(x, t, s) = v1(x, t, s)− v2(x, t, s), f̃(t, s) = f1(t, s)− f2(t, s),

F̃ (t, s) = F1(t, s)− F2(t, s)

è âûðàçèì ðàçíîñòè q10(x, t)− q20(x, t), u10(x, t, s)− u20(x, t, s), v10(x, t, s)−

v20(x, t, s) ÷åðåç �óíêöèè f̃(t, s) è F̃ (t, s)

ũ0(x, t, s) =
1

2

t+x∫

t−x

f̃(τ, s) dτ, ṽ0(x, t, s) =
1

2

t+x∫

t−x

F̃ (τ, s) dτ, (72)

q̃0(x, t) = −
2

uγ+1
10 (x, t, t− x)uγ+1

20 (x, t, t− x)
×

×
[
F̃ (x+ t, t− x)u20(x, t, t− x) + F2(x+ t, t− x)ũ0(x, t, t− x)Rγ(u20, u10)

]
.

Â óðàâíåíèÿõ (42)�(44) ïåðåéä¼ì ê ðàçíîñòÿì q̃(x, t), ũ(x, t, s), ṽ(x, t, s),

f̃(t, s), F̃ (t, s):

q̃(x, t) = q̃0(x, t)+

+ 2F̃ (x+ t, t− x)

(
u1(x, t, t− x)− u10(x, t, t− x)

)
Rγ(u1, u10)

uγ+1
1 (x, t, t− x)uγ+1

10 (x, t, t− x)
+

+
2F2(x+ t, t− x)

uγ+1
1 (x, t, t− x)uγ+1

10 (x, t, t− x)
×
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×
[
ũ(x, t, t− x)Rγ(u1, u2)− ũ0(x, t, t− x)Rγ(u10, u20)

]
−

−
2F2(x+ t, t− x)

(
u2(x, t, t− x)− u20(x, t, t− x)

)
Rγ(u2, u20)

uγ+1
1 (x, t, t− x)uγ+1

10 (x, t, t− x)uγ+1
2 (x, t, t− x)uγ+1

20 (x, t, t− x)
×

×
[
ũ(x, t, t− x)Rγ(u1, u2)u

γ+1
10 (x, t, t− x)+

+ uγ+1
2 (x, t, t− x)ũ0(x, t, t− x)Rγ(u10, u20)

]
−

−
2(γ + 1)ũ(x, t, t− x)Rγ(u1, u2)

uγ+1
1 (x, t, t− x)uγ+1

2 (x, t, t− x)
×

×

x∫

0

q1(ξ, x+ t− ξ)uγ
1(ξ, x+ t− ξ, t− x)v1(ξ, x+ t− ξ, t− x) dξ+

+
2(γ + 1)

uγ+1
2 (x, t, t− x)

x∫

0

[
q̃(ξ, x+ t− ξ)uγ

1(ξ, x+ t− ξ, t−x)v1(ξ, x+ t− ξ, t− x)+

+ q2(ξ, x+ t− ξ)ũ(ξ, x+ t− ξ, t− x)Rγ−1(u1, u2)v1(ξ, x+ t− ξ, t− x)+

+ q2(ξ, x+ t− ξ)uγ
2(ξ, x+ t− ξ, t− x)ṽ(ξ, x+ t− ξ, t− x)

]
dξ,

(x, t) ∈ G(T, s), (73)

ũ(x, t, s) = ũ0(x, t, s)−
1

2

x∫

0

t+x−ξ∫

ξ+t−x

[
q̃(ξ, τ)uγ+1

1 (ξ, τ, s)+

+ q2(ξ, τ)ũ(ξ, τ, s)Rγ(u1, u2)
]
dτdξ, (x, t, s) ∈ G∗

T , (74)

ṽ(x, t, s) = ṽ0(x, t, s)−
γ + 1

2

x∫

0

t+x−ξ∫

ξ+t−x

[
q̃(ξ, τ)uγ

1(ξ, τ, s)v1(ξ, τ, s)+

+ q2(ξ, τ)ũ(ξ, τ, s)Rγ−1v1(ξ, τ, s) + q2(ξ, τ)u
γ
2(ξ, τ, s)ṽ(ξ, τ, s)

]
, dτdξ,

(x, t, s) ∈ G∗

T . (75)

Îáîçíà÷èì

z̃0(x) = max
{

max
t∈[x,T−x]

|q̃0(x, t)|,

max
0<s6t6T

|ũ0(x, t, s)|, max
0<s6t6T

|ṽ0(x, t, s)|
}
, x ∈ [0, T/2],

z̃(x) = max
{

max
t∈[x,T−x]

|q̃(x, t)|,
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max
0<s6t6T

|ũ(x, t, s)|, max
0<s6t6T

|ṽ(x, t, s)|
}
, x ∈ [0, T/2].

Â ñèëó (69) è (71) èìååì ñëåäóþùèå îöåíêè:

1

2
6 uk0(x, t, s) 6 M, 1/4 6 uk(x, t, s) 6 M, ‖uk − uk0‖C(G∗

T
) 6 M,

‖qk‖C(G(T,s)) 6 M, ‖uk‖C(G∗

T
) 6 M, ‖vk‖C(G∗

T
) 6 M, k = 1, 2, (76)

|Rγ(uk, uk0) 6 Mγ(γ + 1), |Rγ(u1, u2) 6 Mγ(γ + 1),

|Rγ(u20, u10) 6 Mγ(γ + 1).

Èñïîëüçóÿ (76), èç (72) ïîëó÷èì îöåíêè äëÿ �óíêöèé q0(x, t), u0(x, t, s),
v0(x, t, s):

|ũ0(x, t, s)| 6
T

2
‖f̃‖, |ṽ0(x, t, s)| 6

T

2
‖F̃‖,

|q̃0(x, t)| 6 4γ+1‖F̃‖+ F∗4
γ+1Mγ(γ + 1)

T

2
‖f̃‖.

Èç ýòèõ îöåíîê ñëåäóåò, ÷òî

z̃0(x) 6 C∗

0(‖f̃‖+ ‖F̃‖), x ∈ [0, T/2], (77)

ãäå C∗

0 = C∗

0 (M, γ, F∗, T ). Èç ðàâåíñòâ (74)�(75) ïîëó÷àåì îöåíêè

|ũ(x, t, s)| 6
T

2
‖f̃‖+

T

2

x∫

0

Mγ+1(γ + 2)z̃(ξ) dξ 6

6 z̃0(x) + C∗

1 (M, γ, T )

x∫

0

z̃(ξ) dξ, (x, t, s) ∈ G∗

T , (78)

|ṽ(x, t, s)| 6
T

2
‖F̃‖+

(γ + 1)T

2

x∫

0

Mγ+1(γ + 2)z̃(ξ) dξ 6

6 z̃0(x) + C∗

2 (M, γ, T )

x∫

0

z̃(ξ) dξ, (x, t, s) ∈ G∗

T . (79)

Ïðè ïîëó÷åíèè îöåíêè äëÿ �óíêöèè q̃(x, t) âîñïîëüçóåìñÿ îöåíêàìè

(78), (79). Â ðåçóëüòàòå ïîëó÷èì îöåíêó âèäà

|q̃(x, t)| 6 z̃0(x) + C31(M, γ)‖F̃‖+
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+ C32(M, γ, F∗, T )z̃0(x) + C∗

3 (M, γ)

x∫

0

z̃(ξ) dξ 6

6 C30(M, γ, F∗, T )z̃0(x) + C∗

3(M, γ)

x∫

0

z̃(ξ) dξ, (x, t) ∈ G(T, s). (80)

Èç îöåíîê (78)�(80) ïîëó÷èì èòîãîâîå íåðàâåíñòâî

z̃(x) 6 C00(M, γ, F∗, T )z̃0(x) + C∗(M, γ)

x∫

0

z̃(ξ) dξ, (x, t) ∈ G(T, s).

Èñïîëüçóÿ íåðàâåíñòâî �ðîíóîëëà � Áåëìàíà [16℄ è íåðàâåíñòâî (77), ïî-

ëó÷àåì îöåíêó (70) ñ ïîñòîÿííîé

C = C00(M, γ, F∗, T )C
∗

0 exp
{
C∗(M, γ)T/2

}
.

�

Ñëåäñòâèå 2. Åñëè ðåøåíèå îáðàòíîé çàäà÷è ñóùåñòâóåò äëÿ

q ∈ G(T∗, s), òî îíî åäèíñòâåííî è óñòîé÷èâî ïî äàííûì îáðàòíîé çàäà÷è.
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